Variation of Parameters

The general solution to a second order non- homogeneous differential equation can be reduced
to solving 2 first order differential equations. This differs from reduction of order in that we have 2 independent
1st order equations as opposed to having to solve a first order eqn and then having to integrate that result.
Recall that the homogeneous solution is A y1(X) + B y2(x) where A and B are constants. With variation of

parameters we replace the constants A and B with functions z1(x) and z2(x) and force the result to solve the

non-homogeneous DE. We start with :
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Suppose Y, and 2 are homogeneous solutions.

The general solution is then given by:

Y=Yy t¥ysh

Where z, and z_. are functions yet to be determined.
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Now we plug these results back into the original DE. The first step is to combine all terms

multiplying z and z, and recall y1 and y2 are homogeneous solutions
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We can eliminate the following terms:

We are left with :
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and the remaining terms give :
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We impose the condition 2 o + y2-R =
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Which means then:
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We are left with the system of equations (linear in d_l and ™ ):
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We obtain:
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where Y, and y, are homogeneous solutions.

The general solution is then given by:

Y=Yy t¥y5h

Where Z, and z, are given by :
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We can use the above equations to solve for Z, and Z, and plug into y = Y12 + Y2,

or we can write the general solution as:

Let's consider a simple example and then we will consider one more challenging
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The homogeneous solutions are :
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Note cl-e_ gt c2-x-e_ * is the homogeneous solution and —(e_ X-sin(x)] is the particular solution
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the homogeneous solutions are

yl= e y2= xe"

W(yLy2) = e

The general solution is
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